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Algebra of Random Variables: ‘ ' ' st
Linear Transformation How well can you g : ’ ‘ R Band
! . Sio I S estimate the noise hd3 L™ o
Covariance Matrix standard deviation, o, = - M — ]
Correlation Coefficient / Matrix just by looking at a plot ¢ i oo
of the data ? - : . v
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estimating o
i ge Multivariate Distributions
Eye_balllng £
S Igma £ + Suppose we measure 2 (or more) different properties
2 — e.g. rotational and radial velocities of stars in a cluster
1. I lots of data points: e, — colours and magnitudes of stars in a cluster
) The 5-sigma rzle: . é mox — min — redshifts and peak apparent magnitudes of distant supernovae
Estimate “by eye” the range E 0 zcl;o 4(')0 Vi mv my
=T1a(;(6rg;)aogél‘1netsc;ata N dato points Independent Dependent Dependent
P The 5-0 Rule: .
Thatsr_asr;ggi;max»mm) is about o mox — min ~ 50 (log N { log 100 )2/ . .
Usually good to 20% by eye. i ol : Z| vsini s }. " N *
E . 1 . . ¢
2. If only a few data points: ! ~ BV .
~2/3 of the data points should f, A s ] X X
be inside +/- 1 sigma ° . i « Does knowing the value of one random variable X
1 10 100 1000 inform you about the other?
N data points
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Joint Probability Distribution f( X, Y) Independence vs Correlation
Y
« Xand Y are two random variables. + Independent variables:
. L - _— . — knowing X does not inform about Y *
"zhelr jclnnt probability distributionis f( X, Y) _ Definition: et
« Normalisation: _ LR
[ rexyyaxay -1 FOXCY) = f(X0) f(¥) '
X
+ Projection gives #(X), f(Y) 1 f(Y) =ff(x, Y)dX v . .
v + Partially correlated: .
f(X) =ff(X,Y) dy — knowing X tells you something about Y L
2 .
X
4 + Perfect correlation: 14
o — Xdetermines Y
< w
X X
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The Algebra of Random Variables

Ordinary numbers are “sharp”.
1+1=2

Random variables are “fuzzy” numbers.

( + ) is a shorthand notation giving the mean x and
u standard deviation o of a random variable.

(1:1)+(1:2)=(?:?)

How do the mean and variance change when we
add or subtract or multiply fuzzy numbers?

How do the higher moments change?

Linear Transformations: Scaling
Constants:  (a) = ?  Var(a) = ?

Scaling a random variable, X, by a constant, a :
— Mean:

< x>=faXf(X) dx
{aX)=a(X) =af X f(X)dX =a(X)

— Variance:

Var(aX) =(laX -(aX)P >
Var(a X) = a” Var(X) . )
0(aX)=\a\o(X) <[a a(X)! >
=(aX -(X)I)
“Stretch the paper” by a factor a. =a’Var(X)

Location # and width o then increase by factor a.
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Linear Transformations: Addition Why it works...
+ Adding two random variables Xand Y: + Centre of mass is a well-defined position.
<X+Y>Eff(X+Y)f(X,Y) dax dy
= [[x rx.yyaxay+ [y f(x,y) dxdy Yot .
=fX[ff(X,Y)dY] dX+fY[ff(X,y)dX] dy :
= [X fydx+ [Y f(¥)ay “s L X v = constant
= () - R
« True for any joint PDF! (X+Y)=(X)+(r) o (X+Y)=(X)+(r)
<X> <Y>
51 52
Variance and Co-variance Co-variance vs Independence
+ Variance of X+Y depends on how X and Y co-vary: . Cov>0
- Cov="?
Var(X +Y) = Var(X)+ Var(Y)+2Cov(X,Y) .
Cov(X.Y)=((X ~(X)(¥ ~(¥)) Independent?
Var(X +Y)=([X+¥ (X +Y))
=([X+Y —(X)-(Y\

(IX+Y ~(X)=(V)F) Cov<0 - Cov=? .
=X -(xp+ - <Y>)l )
=<(X XN+ (Y = (V) 420X = (XN = (YD) T hes

=((X= (XN ) {0 =X Y+ 2(X = (XN =(¥))
= Var(X) + Var(Y) + 2Cov(X,Y)
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Practice ! Linear Transformations
X=1=+1 + Scale and add any number of random variables:
Y=1%1
AT o2s0 <Za,X,>=2a,<X‘> Var| Za,x, =;a'ajC0v(X,,X])
Or, in terms of the (symmetric) Co-variance Matrix:
X=1=%1
Y=X Var Ea,X, =E‘11Cu“/
i i
X+Y=7+?
* (a .. a)(Xx\] @ .. a)(C, Cw\ @
X=1x1 Y=2s1 C 0 a=2 b var s
=1+ =2z ov[X,Y]=0 a= =1 X, Cy o Culay
Z=aX+bY (Z)=? Var(Z)=?
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Correlation Coefficient R( X, Y) Example: Correlation Matrix
+ Correlation coefficient: R(X.Y)= Cov(X.Y)
o(X)o(¥) An 11-parameter
‘ . ‘ model fitted to data.
- This matrix shows
‘ " . ‘ Y v the correlations
R=-1 R=0 ' present among the
| 11 parameters.
+ Correlation matrix: °
_ COV(X,,XJ) - 1
T oXpo(X) |. .1
|
+ Variance: Var[z a,X,] = E Ea,a_,U(X,.)U(X_,)RU
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